Three-qubit mixed states are used as channel for controlled quantum teleportation (CQT) of single qubit states. The connection between different channel parameters to achieve maximum controlled teleportation fidelity is investigated. We show that for a given multipartite entanglement and mixedness, a new class of non-maximally entangled mixed X states (X−NMEMS) achieve optimum controlled quantum teleportation fidelity, interestingly a class of maximally entangled mixed X states (X−MEMS) fails to do so. This demonstrates, for a given spectrum and mixedness, X−MEMS is not sufficient to attain optimum controlled quantum teleportation fidelity, which is in contradiction with the traditional quantum teleportation of single qubits. In addition, we show that biseparable X−NMEMS for certain range of mixedness are useful as a resource to attain high controlled quantum teleportation fidelity, which essentially lower the requirements of quantum channels for CQT.
INTRODUCTION
Quantum teleportation is the process of transferring quantum states across two parties separated by large distance without traversing the actual distance between them [1] . In the celebrated teleportation protocol, a single qubit's state is teleported between two parties, where the maximally entangled bipartite pure state shared by both parties acts as a quantum channel for the process. Teleportation fidelity measures the overlap of the state to be teleported and the output state at receiver's end quantifies the success of quantum teleportation and it is an ascribed characteristic of quantum channel used for the process. For pure quantum channel the existence of monotonic relationship between entanglement and teleportation fidelity is well known [2] [3] [4] . In reality, quantum systems are open, interaction of the system with surroundings changes the properties of quantum states in general. Hence the exploration of quantum states in noisy environment for implementing various quantum information processing protocols has attracted wide attention. In [2, 3] , it is shown that mixed quantum states can also be used as a channel to achieve imperfect teleportation. In the case of mixed entangled teleportation channel, there exists no monotonic relationship between entanglement and teleportation fidelity, i.e., higher value of entanglement of quantum channel is not sufficient to achieve maximum fidelity [5] . The connection among different parameters of quantum channel [2, 3, [6] [7] [8] should * paulsonkgeorg@gmail.com † pprasanta@iiserkol.ac.in, panigrahi.iiser@gmail.com be known for the wise usage of channels for quantum teleportation under the effects of noise. For mixed quantum channels both mixedness and entanglement contribute to the success of teleportation [5] . Manipulation of multipartite qubits [9] [10] [11] [12] is an important task that enable quantum based technology efficiently, a multipartite variant of quantum teleportation has been proposed by [13] , and it is known as controlled quantum teleportation (CQT). In CQT, an arbitrary single qubit state is transferred from sender to receiver only with the permission of controller. The authority power of controller to decide the success or failure of teleportation for tri-partite CQT protocol shows its potential difference from the bipartite quantum teleportation protocol. Recently, Barasinski et.al., experimentally implemented controlled quantum teleportation of single qubit state on linear optical devices [14] and discussed the possibilities of controlled quantum teleportation by lowering the requirements of quantum channels. Conditioned and nonconditioned fidelity are two quantities which are measured with and without the permission of controller characterize the CQT protocol. It is assumed that in CQT, F CQT (conditioned fidelity) should be always greater than the classical limit, where as the value of F N C (nonconditioned fidelity) [13, 15, 16] cannot exceed the classical limit
). The control power (CP ), a quantity to define the authority of controller in CQT is estimated as the difference of conditioned and nonconditioned fidelity. As known, for bipartite quantum states, purity of quantum channel along with entanglement [5, 17, 18 ] play a significant role in the implementation of quantum teleportation process with maximum achievable fidelity. Different classes of states are considered as quantum chan-nel for teleportation, among which a class of X states deserves a special attention [19] [20] [21] for its structure (nonzero diagonal and antidiagonal elements) and some other properties, for example in the case of bipartite qubit system a given density matrix can be unitarily transformed to X state with same degree of entanglement and spectrum [22, 23] . Thus quantum states in X structure form an important class of density matrices in general and used as a representative class of states for quantum information processing. The use of tripartite quantum states as a channel for controlled quantum teleportation and the estimation of controlled teleportation fidelity for X states are shown in [24] . Both maximally and non-maximally entangled pure GHZ like states act as quantum channels for CQT, in [25] it is shown, how genuine multipartite entanglement (GME) and control power (CP) affect the controlled quantum teleportation fidelity for a class of X states. Purity of tripartite quantum states is an important parameter that affects quantum correlations and investigation on the efficacy of tripartite quantum states for CQT will not be conclusive with out accounting the purity of quantum channel along with other channel parameters. We fill this gap by detailed investigation on the performance of mixed quantum channel for controlled quantum teleportation. We systematically investigate the roles played by various parameters, like purity, entanglement and control power of tripartite qubit states in achieving optimum controlled quantum teleportation fidelity(F CQT ). For that we consider different classes of multipartite X states and analyze their performances as CQT channels. First we examine the faithfulness of a class of rank dependent maximally entangled mixed X states (X-MEMS) defined for a given spectrum of eigenvalues and linear entropy as a CQT resource. Since the performance of X-MEMS as a CQT channel is not optimum, a new class of tripartite non-maximally entangled mixed X states (X-NMEMS) is constructed and estimated its teleportation fidelity. We show that our new class of X-NMEMS outperforms X-MEMS as a quantum channel for CQT and rank 2 X-NMEMS gives maximum achievable teleportation fidelity for a given entanglement and mixedness as shown in [25] . This clearly demonstrates that CQT protocol lowers the requirements of quantum channel for the successful quantum teleportation of single qubit's state. At high value of mixedness X-NMEMS become biseparable, even at this biseparability condition, X-NMEMS are found to give high values for controlled quantum teleportation fidelity above the classical limit. This high value of fidelity of biseparable quantum channel is a direct evidence to show that mixed tripartite quantum states can lower the requirements of quantum channel for successful controlled teleportation. From our investigation on tripartite mixed quantum channels, we show that tri-partite X−MEMS are not sufficient to achieve optimum CQT fidelity, where as optimum controlled quantum teleportation fidelity is achieved using a class of non-maximally entangled mixed X states (X−NMEMS). Even though genuine multipartite entanglement of newly constructed X−NMEMS vanishes for high value of mixedness, the process of controlled quantum teleportation of single qubit state is enabled by the biseparability nature of X−NMEMS. These results which lower the requirements of quantum channel is quite important for the experimental realization of controlled quantum teleportation in noisy environment. The present work is organized as follows, in Sec. II we discus the prerequisites for implementing the CQT protocol. The Sec.III contains two subsections, first subsection deals with the construction of tripartite qubit X-MEMS and its usefulness for controlled quantum teleportation and followed by the construction of a new class of X-NMEMS and its efficacy as a quantum channel for CQT is analyzed. Results and discussion in Sec. IV followed by the concluding section (Sec. V).
II. PRELIMINARIES
Below, we define different parameters like genuine multipartite entanglement (GME), teleportation fidelity, control power and linear entropy which characterize the tripartite mixed entangled quantum channels for controlled quantum teleportation.
A. Genuine Multipartite Entanglement(GME)
The three qubit symmetric mixed X− states [26] with diagonal elements denoted by a 1 , a 2 , a 3 , a 4 , b 1 , b 2 , b 3 , b 4 ≥ 1 and antidiagonal elements given by z 1 , z 2 , z 3 , z 4 , z * 1 , z * 2 , z * 3 , z * 4 , the genuine multipartite entanglement (GME) of a three qubit X state is given as,
where
The positivity criterion of the X-matrix is satisfied with the condition |z i | ≤ √ a i b i . The tripartite X states are entangled for 0 < C GME ≤ 1 and zero for biseparable states [27] .
B. Controlled quantum teleportation fidelity
The protocol of controlled quantum teleportation is described for a tripartite qubit system. Consider three parties labelled as A, B and C, share an entangled threequbit quantum state ρ abc , which essentially acts as a channel connecting them each other. Suppose party A wants to teleport a qubit's state d to B with the consent of party C, at this moment controller C makes an orthogonal measurement on his qubit c with ζ as the measurement outcome, this results in the projection of entangled channel on to two-qubit state [16] 
where U , 1 2 are two qubit unitary and identity matrices respectively and ρ c = T r ab [ρ abc ]. Following this, party A makes a joint orthogonal measurement on qubits a and d and communicates the results to B, appropriate unitary operations on qubit b completes the process of CQT. The controlled quantum teleportation fidelity F CQT (ρ) in this scenario is defined as,
and we have nonconditioned teleportation fidelity (with out controllers participation) as,
where f (ρ) is the fully entangled fraction [28] [29] [30] and ζ|U ρU † |ζ is the maximum probability of receiving outcome ζ. The fidelities derived in Eq. (3) and Eq. (4) are estimated for a general three-qubit mixed X states [24] as follows,
where,
and
The non-conditioned teleportation fidelity of the state ρ X is,
The influence of control qubit in CQT process is quantified by estimating control power (CP) and is defined as,
The two conditions, F CQT (ρ) > should be satisfied by tripartite quantum channels to ensure the active participation of controller in controlled quantum teleportation process. Mixedness of quantum states is an important parameter that influence fidelity of controlled quantum teleportation, in our work we use linear entropy to estimate the mixedness of a state and is defined for a multipartite qubit state ρ as,
Where N is the number of qubits and T r(ρ 2 ) is the purity of multipartite quantum state. Mixed states satisfy the condition 0 < S L (ρ) ≤ 1 and S L (ρ) = 0 for pure states.
III. MIXED X STATES, A RESOURCE FOR CONTROLLED QUANTUM TELEPORTATION
In this section, we investigate in detail the mixed three qubit X states as a resource for controlled quantum teleportation. We show how purity and other quantum correlations of tripartite qubit states are connected to each other for its usage as a CQT channel. From the study of bipartite mixed quantum channel as a resource for teleportation of single qubit state, we infer the non-trivial dependence of teleportation fidelity on mixedness and entanglement of quantum channel. In [5, 18] , one of the authors show the existence of rank dependent bounds on mixedness and entanglement of quantum states for their usefulness for successful quantum teleportation. Among bipartite qubit quantum channels, a class of maximally entangled mixed states (MEMS) [31] [32] [33] [34] gives maximum teleportation fidelity for a given mixedness and entanglement, this finds its importance in investigating the efficacy of mixed entangled teleportation channel in higher dimension and we address this situation by considering tripartite mixed X quantum channel for CQT.
A. Tri-partite maximally entangled mixed X−states (X-MEMS)
The genuine maximally entangled mixed X states for N -qubits is given in [35] for a given spectrum of eigenvalues. Three-qubits X-MEMS as a convex sum of maximally entangled pure GHZ and separable states as, (10) where
are the eigenvalues of density matrix ρ(X) MEMS and p 1 +p 2 +p 3 +p 4 +p 5 +p 6 +p 7 +p 8 = 1, satisfies the normalization condition of the density matrix. The maximally entangled three qubit GHZ state basis is given as,
It is shown that the given density matrix ρ(X) MEMS possesses maximum value of genuine multipartite entanglement (GME) for a given spectrum of eigenvalues {Λ}.
We calculate the GME of ρ(X) MEMS and is given by,
If the GME of a given ρ(X) is equal to C * (ρ(X)), then the state ρ(X) falls in the class of ρ(X) MEMS . The maximally entangled mixed three qubit X−states defined with respect to the mixedness of quantum states [36] is given as, 
The tri-partite X−MEMS defined with respect to purity is of rank 4 and 5. The genuine multipartite entanglement (GME) of above defined maximally entangled mixed state is max[0, 2|γ|]. The GME of three-qubit X−MEMS of different ranks as a function of linear entropy is given in the Fig.1 . From the Fig.1 it is clear that, rank 4 and 5 X-MEMS posses highest value of entanglement for a fixed linear entropy. The tripartite X-MEMS, defined with respect to purity possesses maximum achievable multipartite entanglement among all rank dependent X-MEMS. Here we use this class of tripartite qubit X-MEMS as a channel for controlled quantum teleportation and show how the teleportation fidelity of different rank MEMS varies as a function of mixedness and other quantum correlations. The controlled quantum teleportation fidelity of X−MEMS is given as,
The nonconditioned fidelity takes the value
, is always less than or equal to the classical limit of fidelity 
FIG. 2.
Controlled teleportation fidelity of X-MEMS is given as a function of linear entropy. We show that higher rank MEMS give higher value of teleportation fidelity for a fixed linear entropy fidelity of X-MEMS of ranks varying from 2 to 8 is analyzed as a function of linear entropy, we infer that higher rank maximally entangled mixed states survive as a CQT channel for higher value of mixedness. In Fig.3 lyze the controlled teleportation fidelity of different rank X-MEMS as a function of genuine multipartite entanglement and it is shown that higher rank states posses higher value of teleportation fidelity for lower value of GME instead of maximally entangled mixed X-states (with maximum GME) defined with respect to purity.This implies that there exists no monotonic relationship between entanglement and teleportation fidelity in the case of tripartite mixed channels. Control parameter is another quantity which capture the authority of controller's qubit in the process of CQT. Control quantum teleportation fidelity as a function of control power for different rank X-MEMS is given in Fig.4 The CQT fidelity of different rank X-MEMS under the authority of controller qubit holds the bounds proposed in [25] . The boundary maximally entangled mixed X states of rank r (2 ≤ r ≤ 8) are constructed by identifying the spectrum of eigenvalues as p 1 = 1+(r−1)p r and rest of the r − 1 eigenvalues equal to 1−p r . These boundary states act as an upper bound of corresponding rank dependent X−MEMS for the curves in which teleportation fidelity is analyzed as a function of linear entropy and multipartite entanglement. Since the CQT fidelity of X−MEMS is not optimum, we construct a new class of non maximally entangled mixed states, X−NMEMS and the details of the investigation its performance as a quantum channel for controlled quantum teleportation are discussed in the forthcoming section. 
B.
Tri-partite non-maximally entangled mixed X−states(X-NMEMS)
In this section, we construct a new class of tripartite non-maximally entangled mixed X states (X-NMEMS), their performance as a CQT channel is investigated and is compared with that of X-MEMS. We show that our new class of X-NMEMS is a potential candidate for controlled quantum teleportation of qubit's state through three-qubit quantum channel at high value mixedness and low value of entanglement. The X-NMEMS, as a convex combination of maximally entangled GHZ states in Eq. (11) is given,
The eigenvalues p ′ s i of non-maximally entangled mixed X−states satisfy the conditions of normalization and positivity discussed in the sec. III A. We investigate the details of X-NMEMS quantum channel for CQT and show that tri-partite mixed entangled states lower the requirements of controlled quantum teleportation channel. The genuine multipartite entanglement of non-maximally entangled mixed state is estimated as,
The above constructed tri-partite X states do not fall in the class of X−MEMS, since the estimated GME of X state is not equal to C * ρ(X) in Eq. (12) . The calculated controlled teleportation fidelity of X-NMEMS is given by,
The Genuine multipartite entanglement of different rank X-NMEMS is plotted as a function of linear entropy in Fig.5. From Fig.5 clear that new class of tripartite X-NMEMS possesses less value of GME compared to that of X−MEMS for a defined spectrum of eigenvalues and linear entropy. Moreover, from the Fig.5 we infer the entanglement of three qubit X−NMEMS increases as rank increases, which is not the case for X−MEMS. We use this non-maximally entangled mixed state as a CQT channel and teleportation fidelity as a function of linear entropy is given in Fig.6 , We analyze the performance of our newly constructed X-NMEMS for CQT process as a function of both entanglement and mixedness. It is clear from Eq. (19) that rank 2 X−NMEMS gives maximum achievable controlled teleportation fidelity for all values of entanglement and mixedness, this is in contradiction with the case in conventional quantum teleportation process. From Fig. 6 and Fig. 7 , wherein controlled teleportation fidelity is analyzed as a function of mixedness and entanglement respectively, it is shown that rank dependent X−NMEMS gives maximum CQT fidelity in both cases compared to X−MEMS. At the same time, as it is known from Fig. 5 , even though GME of X−NMEMS is less than that of X−MEMS for a given purity, its performance as a CQT channel is optimum. This indicates that maximum value of entanglement is not a necessary and sufficient condition to achieve optimum controlled quantum teleportation fidelity, which is not the case for bipartite quantum channels. At lowest rank (rank 2), non-maximally delity of X−NMEMS is given as a function of control power in 8. New X−NMEMS hold the lower and upper bounds defined for CQT fidelity in terms of control power and multipartite entanglement. As we have discussed for maximally entangled mixed multipartite states, the rank dependent boundary X− NMEMS are constructed by considering the eigenvalues, p 1 = 1+(r−1)p r and rest of the r − 1 eigenvalues equal to (1−p) r . In the matter of X−NMEMS, rank dependent boundary states acts as lower bounds of respective rank X−NMEMS for CQT fidelity given as a function of multipartite entanglement and mixedness.
IV. RESULTS AND DISCUSSIONS
In this work we systematically investigated the efficacy of tripartite mixed entangled state as a resource for controlled quantum teleportation. Both mixedness and entanglement jointly decide the efficiency of mixed quantum channels for CQT. To investigate the interdependence of multipartite entanglement, mixedness and control power of the quantum states on the success of controlled quantum teleportation in detail, we used a class of tri-partite maximally entangled mixed X−states (X-MEMS) as a channel for CQT. The rank dependent performance of X−MEMS as a CQT channel had been analyzed as a function of aforementioned channel parameters and showed that the X−MEMS do not give optimum controlled quantum teleportation fidelity as it is true for bipartite quantum states. The problem of controlled quantum teleportation via non-maximally entangled pure state has already been studied, here we extended this work to the usage of non-maximally entangled mixed states as a CQT resource. We constructed a new class of non-maximally entangled mixed states and investigated it's application as a controlled quantum teleportation channel. We showed that a new class of X-NMEMS outperforms X-MEMS as a CQT channel, for a given mixedness and entanglement. This essentially proves that maximum multipartite entanglement is not sufficient for achieving optimum teleportation fidelity. From the Fig. 5 , it is known that for some values of linear entropy the genuine multipartite entanglement of tripartite X−NMEMS becomes zero. Zero GME implies that states are biseparable, from our investigation on tripartite X−NMEMS for CQT, it is evident that biseparable states are useful for CQT at high degree of mixedness. This result is an important one for the experimental realization of CQT in a noisy environment. For example consider the case of boundary X−NMEMS (ρ 3 (X)) of rank 3, the eigenvalues of ρ 3 (X) are p 1 = . Multipartite entanglement of ρ 3 (X) is zero for 0 ≤ p ≤ . I.e., even for the biseparability nature of boundary X−NMEMS at high value of mixedness, the controlled quantum teleportation fidelity possesses high value above the classical limit.
V. CONCLUSIONS
Analysis on the performance of tri-partite rank dependent X states as a resource for controlled quantum teleportation revealed many intriguing properties of multipartite systems that can be exploited for the efficient implementation of many quantum information processing protocols. We showed that for a given multipartite entanglement and mixedness, a new class of nonmaximally entangled mixed X states achieve optimum controlled quantum teleportation fidelity. At the same time, investigation on X−MEMS as a resource for CQT proved that tri-partite maximally entangled mixed states fail to attain optimum teleportation fidelity. From our investigation on X−NMEMS, we showed that biseparable X−NMEMS can also be considered as a potential candidate for CQT, since it gives high controlled quantum teleportation fidelity for highly mixed cases. These results are direct evidence to prove that multipartite entangled mixed states lower the requirement of controlled quantum teleportation channel.
